We show that dimensional recurrence relation and analytical properties of the loop integrals as functions of complex variable D (space-time dimensionality) provide a regular way to derive analytical representations of loop integrals. The representations derived have a form of exponentially converging sums. Several examples of the developed technique are given.
Introduction
High-order radiative corrections to different amplitudes and cross section become nowadays more and more important both in QED and QCD. In QED this is due to the high precision of the modern spectroscopy experiments, while in QCD the radiative corrections play important role due to the strength of the interaction. The radiative corrections are expressed in terms of the loop integrals, so the possibility to calculate the latter is also very important. Several powerful techniques have been developed for the calculation of the multiloop integrals. Among them is the IBP (integration-by-part) reduction procedure [1, 2] , which allows one to reduce arbitrary loop integral to some finite set of master integrals. Owing to IBP reduction, the problem of calculation of loop integrals is reduced to the calculation of master integrals. It is important to understand that IBP reduction also helps in the calculation of the master integrals. Indeed, differentiating the master integral with respect to some external invariant or mass, we obtain linear combination of integrals of the same topology or its subtopologies. Applying IBP reduction procedure, we can express this combination via the same set of master integrals. Acting in this way, one can obtain the system of ordinary differential equations for all master integrals [3, 4] . The general solution of this system depends on several constants parametrizing the solution of the corresponding homogeneous system. These constants can be fixed from the value of the integrals at some specific kinematic parameters, or from their asymptotics in which one invariant becomes big, or small, in comparison with others. This method can be applied to the integrals with several external parameters.
However, the integrals with one scale are also important for the applications. For them, the method of differential equations does not work and one has to rely on other methods. In addition to the direct calculation using, e.g., MellinBarnes representation, one can try the method of difference equations. One of the variants of the difference equation is described by Laporta in Ref. [5] . In this method one considers the generalized master integral which is formed by raising one of the massive denominators of the master integral of interest to arbitrary power x. Using IBP reduction one can obtain the difference equation with respect to x. The part, corresponding to the general solution of the homogeneous equation is then fixed from the large-x asymptotics. The resulting expression for the master integral has the form of factorial series with powerlike (harmonic) convergence (the general term of the series falls down as k −α , where k is the summation variable, α > 1). This method has been successfully applied for several multiloop tadpole integrals, see, e.g., Refs. [6, 7] . Due to the power-like convergence of sums, the difficulties of obtaining high-precision results rapidly grow with the number of digits. The multi-digit results, on the other hand, are important for the pslq algorithm [12] , which allows one to restore the analytical result from the high-precision numerical one, provided the basis of transcedental numbers is known.
Another variant of the difference equation is the dimensional recurrence relation connecting the master integrals in different dimensions, suggested by Tarasov in Ref. [8] . We remind, that, in contrast to the differential equation, where the solution of the homogeneous equation is parametrized by several arbitrary constants, in the case of difference equation the corresponding solution is parametrized by several arbitrary periodic functions. In Refs. [8, 9 ] the large-D asymptotics has been used for fixing these functions. This asymptotics has been derived from the explicit parametric form of the integrals. However, for multiloop integrals the calculation of this asymptotics appears to be hardly accessible. This is why the method of the dimensional recurrence relation was mainly applied to the calculation of one-loop integrals. It is worth noting that for the case of several external invariants, one may rely on the combination of differential and difference equations methods, see Ref. [10] .
Recently, in Ref. [11] the method of the dimensional recurrence relation was successfully applied to the calculation of certain four-loop tadpole. In that paper, an arbitrary periodic function parametrizing the solution of the homogeneous equation was numerically shown to be equal to zero by using the Laporta-like difference equation with respect to the power of massive denominator. However this vanishing of the homogeneous part was rather an exception than a rule, and in many known cases the homogeneous part is not zero. Needless to say that in these cases the correct choice of the periodic functions not only can be hardly justified, but plainly difficult to guess. On the other hand, all examples of application of the dimensional recurrence relation show that results obtained with the help of this method have a form of exponentially converging series (the general term of the series falls down as a −k , where k is the summation variable, a > 1). The rapid convergence of these series allows one to use the pslq algorithm to express their ǫ-expansion in terms of conventional transcedental numbers, like multiple zeta-functions.
In this paper, we describe a method of the calculation of loop integrals based on the usage of Tarasov's dimensional recurrence relation. The key point of our approach is the use of the analytical properties of the integrals as functions of the complex variable D. These properties allow one to fix the periodic functions up to some constants which can be found from the calculation of the integral at some definite D.
The paper is organized as follows. In the next Section, we introduce notations and formulate a general path of finding the master integrals. In Section III we briefly analyse the analytical properties of the parametric representation needed for our consideration. In Section IV we give several examples of the application of the formulated approach. Section V contains discussions of the generalization of the formulated approach to the topologies with more than one master integral. The last Section gives short conclusion.
Dimensional recurrence relation
Assume that we are interested in the calculation of the L-loop integral depending on E linearly independent external momenta p 1 , . . . , p E . There are N = L(L + 1)/2 + LE scalar products depending on the loop momenta l i :
where
The loop integral has the form
where the scalar functions D α are linear polynomials with respect to s ij . The functions D α are assumed to be linearly independent and to form a complete basis in the sense that any non-zero linear combination of them depends on the loop momenta, and any s ik can be expressed in terms of D α . For further purposes it is convenient to introduce the operators A α and B α , see Ref. [13] , acting as follows
Relation between the loop integrals in different dimensions has been first introduced in Ref. [8] . It was derived using the parametric representation for the loop integrals. For the integral given by some graph, the result of Ref. [8] may be represented as follows
where i 1 , . . . , i L numerate the chords of the tree, and µ = ±1 for the euclidean/pseudoeuclidean case, respectively. It is natural to label this relation as a raising one since it expresses any integral in D − 2 dimensions via the integrals in D dimensions. It may be also convenient to use the lowering dimensional relation which we will obtain now. Our derivation is based on the Baikov's approach [14] in which one passes from the integration over loop momenta to the integration over scalar products . The master formula can be represented as
is a Gram determinant constructed on the vectors q 1 , . . . , q M and f is arbitrary function of scalar products s ij . For our purposes, of course, we choose f = 
Replacing D → D+2 in Eq. (5), we obtain the lowering dimensional recurrence relation
Comparing Eqs. (4) and (8) we see that in order to obtain the former, one has to analyse the graph corresponding to the loop integral, while the latter can be obtained without any reference to the graph. So, for computer implementation the lowering dimensional relation can be more convenient. On the other hand, Eq. (4) is more "economic" since the right-hand side of it contains integrals with indices shifted by at most L, while the right-hand side of Eq. (8) may contain integrals with indices shifted by L+E. Of course, after IBP reduction, both raising and lowering recurrence relations are equivalent.
In case when the integral in the left-hand side of Eq. (4) or Eq. (8) is master integral, IBP reduction of the right-hand side gives a difference equation for this master integral. If the topology contains only one master integral, the right-hand side, after IBP reduction, contains this master integral and master integrals of the subtopologies, which we assume to be found by the same method, or some other. In case of several master integrals in the topology, we can obtain in the same way a system of difference equations for them. We will concentrate below on the case of one master integral in the topology of interest. The discussion of the case of several-master topology is given in Section V. So, after the IBP reduction we obtain from, e.g., raising relation the following dimensional recurrence relation
where R (D) is non-homogeneous part constructed of the master integrals of subtopologies in D dimensions. The coefficient C (D) is a rational function of D which can always be represented as
where c is some constant, and a i (b i ) are the zeros of the numerator (denominator). We can construct the solution of the homogeneous part of the equation as follows:
where 
By analogy with the notion of integrating factor in the theory of differential equations, we will call Σ (D) the summing factor. The choice of the summing factor is by no means unique. Given one summing factor, we may multiply it by any periodic function of D to obtain another. In particular, another natural choice is
Let us now substitute
in Eq. (9). After multiplying both parts by Σ (D − 2), we obtain
. Suppose now that we can decompose r (D) into two, r + (D) and r − (D), decreasing fast enough at ±∞, respectively:
Note the shift of the argument in the definition of r + (D). This decomposition also determines the corresponding decomposition
such that
The general solution reads
Note that the specific nonhomogeneous solution does not depend on the particular choice of the summing factor. Eq. (18) clearly demonstrates that, in order to find J (D) , we have to fix the periodic function ω (D). This function can be conveniently understood as a function of the complex variable z = e iπD (19) and below we switch the notations ω (D) → ω (z). Understanding ω as a function of z, we automatically account for the periodicity due to identity e iπ(D+2) = e iπD . Our idea of fixing ω (z) is simple and yet quite efficient as we will demonstrate in Section IV. The functions r ± in the right-hand side of Eq. (18) are assumed to be known and, in particular, their analytical properties are known. The integral J (D) in the left-hand side is not known (this is the purpose of our investigation), but we can discover some of its analytical properties from, e.g., its parametric representation. Note that we do not have to analyse the integral in the whole complex plane of D, but only in an arbitrary stripe of width 2, i.e., in S = {D| d < Re D d + 2}, which we will call the basic stripe. The factor Σ (D) is also a known analytical function of D. This allows us to fix ω (z) up to some constant which can be found from the value of the integral J (D) at one given value of D. There is a number of technical conveniencies in this approach. First, as we have said above, the summing factor Σ (D) can be chosen in different forms and we are free to choose the one with the most convenient analytical properties. Second, we can pass from using one integral of certain topology as a master to using another integral of the same topology as a master. Finally, we are free to choose the convenient basic stipe in which we perform the analysis.
So, summarizing, the suggested path of finding a master integral is the following (we assume we can do IBP reduction):
(1) Make sure all master integrals in subtopologies are known. If it is not so, start from calculating them. The step 5 is the key point of our approach. We will present the applications of the formulated approach on several examples, but first we would like to demonstrate how some of the analytical properties of the integral can be determined from its parametric representation.
Parametric representation
Let us consider the parametric representation of some L-loop integral in Euclidean space with I internal lines (see, e.g., Ref. [15] ):
The polynomials Q (x) and P (x) are determined by the graph. For our consideration it is important only that both these functions are nonnegative in the whole integration region, d 2 ) is fixed, we can estimate
These properties of the parametric representation will be used in the examples in the next Section.
Examples
In this Section we give several examples of the application of our method to different loop integrals. Except for the last example, our consideration is restricted by the one-scale integrals, since several-scale integrals can be treated by the differential equation method. In all cases, the IBP reduction has been performed using the Mathematica program, based on Ref. [13] . All integrals considered in this paper are known due to some other techniques. Our representations for one-scale cases, however, differ from the known ones, being exponentially convergent sums.
Three-loop sunrise tadpole: basics of the technique
Let us consider the three-loop integral
This integral has been investigated in Refs. [16, 17] and the result is expressed in terms of 3 F 2 [. . . |1]. We will follow the path formulated in the end of Section II.
(1) There is one master integral in subtopologies:
is a holomorphic function in the stripe S = {D| Re D ∈ [−2, 0)} which can be easily understood from the parametric representation:
It easy to realise that any Euclidean integral with all internal propagators massive is holomorphic in the whole half-plane Re D < 0. (3) The dimensional recurrence reads
where (α) n = α (α + 1) . . . (α + n − 1) denotes the Pochhammer symbol. (4) We choose the summing factor as
Note that the chosen summing factor has neither poles nor zeros in S.
, we obtain
The nonhomogeneous part r (D − 2k) falls down as (16/27) k when k goes to ∞, so we can write the solution in the form 
where ν is some real number not essential for our consideration. Taking into account that
for any ν and any α > 0, we conclude that ω (z) is holomorphic function in the extended complex plane of z, except, may be z = 0 and z = ∞ and growing slower than any positive(negative) power of |z| when z tends to infinity (zero). This is sufficient to claim that ω (z) is holomorphic function in the extended complex plane of z, being therefore a constant. (6) We can fix this constant by the condition J (D=0) 1 = 1, which, e.g., follows from the parametric representation. We finally obtain
It is easy to understand that general terms of both sums in Eq. (34) fall down as , but we consider the sums to be more treatable than these functions. In particular, in order to obtain the ǫ-expansion of J (4−2ǫ) 1 , we can expand under the sum sign. It is easy to check that, up to a O (ǫ 0 ), this expansion is given by the first term of the second sum:
In fact, the next 5 terms of ǫ-expansion of J (4−2ǫ) 1 can be found in Refs. [16, 17] . In order to demonstrate the fast convergence of the obtained representation we present here the 40-digit values of coefficients of J 
Four-loop tadpole: Dealing with masless internal lines.
Let us now consider the following four-loop tadpole integral:
The explicit expression for this integral and expansions near D = 4 and D = 3 can be found in Ref. [7] . In this example we will demonstrate how to deal with the massless propagators.
(38) (2) Due to the presence of massless propagators, there is an infrared diver-
2 . It is also easy to see that there is an ultraviolet divergence at D = 3. Thus, the integral is a holomorphic function only in the stripe S = {D| Re D ∈ (2, 3)}. This is not sufficient for our purposes and we instead consider another integral, with massive propagators squared: 
Thus, we can restrict ourselves to the calculation of the integralJ 
(3) The dimensional recurrence forJ
(4) It is easy to establish from the explicit form of known integral J
2a that in this case R − (D) = 0. The summing factor obeys the equation
As we noticed above, we can use different forms of the summing factor and we choose
Our choice of the summing factor needs some explanations. When choosing the summing factor, we used the following "rules of thumb": . At some point we were not able to add sin factors due to the condition b. The pole structure of
is the following. There are 5 series of simple poles in
and also a single pole at D = 3. This pole structure is depicted in Fig.1 . The general solution of the recurrence relation reads
where ω (z) = ω e iπD is the arbitrary periodic function of D we need to fix. 
we see that singularities of this function are determined by the singularities of the terms in the right-hand side. Due to our choice of the summing factor (see 4a), the first term has only known singularities in S. Namely, it has simple pole at D = 3 with the residue, determined from Eq. (41):
From the pole structure of r + (D) we conclude that the first term of the sum in the right-hand side of Eq.(50) also has a pole at D = 3, while the other terms of the sum have no singularities in this point. Moreover, (48) give rise to the poles of ω (z) in z = e iπ/3 , e i2π/3 , e −i2π/3 , e −iπ/3 , 1.
From the constraints (45) and (46) we conclude that ω (z) is regular at z = 0, ∞. Thus, the general form of ω (z), mimicking the structure of the poles in the right-hand side of Eq. (50), is the following
It is convenient to rewrite this form in terms of cotangents. Using the identity
we represent
The constants b 1−5 are fixed by the singularities of the sum in the righthand side of Eq. (50):
Res
where D i (k) are determined in Eq.(48). They can be expressed as linear combinations of p F q . . . 3 9 . Using a guess b i = f i π 7/2 with f i being rationals, we were able to establish the simple form of these coefficients:
where N = denotes the equality checked numerically with at least 10 3 digits. (6) The last coefficient b in ω (z) can be shown to be equal to zero by cosidering the limit of the right-hand side of Eq.(50) at D → 3 and using Eq. (41). Note that in this limit only the first term in the sum contribute. Thus, we obtain finallỹ
32 cot
where Σ −1 (D) and r + (D) are determined in Eqs. (44) and (47), respectively. Again, we can express the sum via p F q . . . 
Two-loop massless onshell nonplanar vertex: Two-directed summation
This example demonstrates how the method works in the case when both R + and R − are not zero. Let us consider the integral
with
(61) In contrast to the previous examples, here all scalar products are pseudoeuclidean, e.g., l 2 = l 2 0 − l 2 . This integral in arbitrary dimension has been calculated in Ref. [18] and the result is expressed via q+1 F q [. . . |1] with q = 3, 4. Let us again apply our technique.
(1) There are two master integrals in the subtopologies: (70) (6) The constant b can be fixed using the condition (66) and the properties of r ± :
We obtain , respectively. The arguments of the hypergeometric functions determine the rate of convergency of the sums: the first converges with the rate 4.5 terms per decimal digit, while the second converges with the rate 2.7 terms per decimal digit. We have checked numerically the agreement of our result for the ǫ-expansion of J (4−2ǫ) 3 with the corresponding result in Ref. [18] .
Two-loop two-masses tadpole: Two-scale case
Let us now examine how the method works for the integrals with several scales. Consider the integral
Of course, we can obtain the differential equation with respect to m and put the initial condition in the point m = 1. However, we can also proceed as before.
(1) Master integrals in subtopologies are
(2) The basic stripe can be chosen, e.g., as S = {D| Re D ∈ [0, 2)}. ( 3) The dimensional recurrence reads
(4) Let us assume that m < 2 for the moment. The result for m > 2 can be obtained by the analytical continuation. We choose the summing factor as
After the replacement J 
where F (D) is the matrix of fundamental solutions and ω (z) = ω e iπD is a column vector of arbitrary periodic functions of D (with period 2). So, to proceed in the same way as before, we have to define the summing factor as Σ (D) = F −1 (D). While the elements of the matrix F (D) have the form of factorial series and their analytical properties can be analysed in the same way as those of the nonhomogeneous terms in our consideration, this is not so for the inverse matrix F −1 (D). To overcome this difficulty, we can use the following transformation. The matrix F (D) satisfies the following matrix equation
Taking the determinant of both sides, we have the equation 
Now we may use the formula 
This formula does not contain the sums in the denominator which allows one to perform the analysis of its analytical properties in the same manner as we did before. Again, the choice of the summing factor is not unique due to the possibility of its multiplication from the left by any periodic matrix Ω (z). The examples of application of this technique to the topologies with several master integrals will be given elsewhere.
Conclusions
We have presented here the approach to the calculation of the master integrals based on Tarasov's dimensional recurrence relation and on the analytical properties of the loop integrals as functions of the complex variable D. The results obtained within this approach have the form of exponentially converging series, in contrast to those obtained with many other methods having only power-like convergence. Fast convergence of the sums allow one to apply the pslq algorithm in order to obtain the representation of the ǫ-expansion of the integral in terms of the conventional transcendental numbers, like multiple ζ-functions. We have limited the presentation to the cases in which master integrals of subtopologies are expressed in terms of Γ-functions. In a more general case, when the master integrals of subtopologies are expressed via hypergeometric sums and/or the main topology contains more than one master integral, the analysis of the analytic properties, though being more complicated, can be performed in the same way. Presumably, this approach can be applied to the calculation of various master integrals with one scale, including, in particular, the three-loop onshell vertex integrals not yet calculated.
